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ABSTRACT
In the warped compactification with a single Randall-Sundrum brane, a puzzling claim has
been made that scalar fields can be bound to the brane but their Hodge dual higher-rank anti-
symmetric tensors cannot. By explicitly requiring the Hodge duality, a prescription to resolve
this puzzle was recently proposed by Duff and Liu. In this note, we implement the Hodge
duality via path integral formulation in the presence of the background gravity fields of warped
compactifications. It is shown that the prescription of Duff and Liu can be naturally understood
within this framework.
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The warped space-time geometry of Randall-Sundrum brane world in (d + 1)-dimensions,
whose world-volume is d-dimensional, is described by the following metric:
ds2 = gˆMNdX
MdXN = exp(−2k|z|)gµν(xµ)dxµdxν + dz2 . (1)
The coordinates of the bulk space-time will be denoted as XM , the coordinates parallel to the
brane, xµ, and the direction perpendicular to the brane will be parametrized by the coordinate
z. The brane is assumed to be located at z = 0. In the brane world scenario with two branes
[1], a natural geometric framework to deal with the gauge hierarchy problem emerges as a
consequence of the the exponential warp factor in (1). After a wave-function renormalization,
it produces an extremely tiny number mEW/MPlanck ∼ 10−16 when the distance between the
branes is about 40 times the Planck scale. The warp factor in the Jacobian
√− det gˆMN al-
lows normalizable gravitational zero modes localized on a single brane when the range of z is
extended to z =∞ [2].
All these attractive features are due to the exponential suppression in the large z region
coming from the covariant metric components gˆMN . An opposite situation, however, might
result when the contravariant metric components gˆMN are involved in the classical action. A
particularly intriguing case involves the anti-symmetric tensor fields of various ranks and their
Hodge duals. Since the classical action integral over the z direction is finite, a scalar field
can be bound to the brane. Higher rank anti-symmetric tensor fields that are Hodge dual to
scalars cannot however be bound to the brane, since the similar integral diverges due to the
large number of contravariant metric components needed to contract the field strengths [3, 4].
To resolve this apparent violation of the Hodge duality, a proposal for a proper Kaluza-Klein
prescription was suggested by Duff and Liu [5]. They found an appropriate Kaluza-Klein ansatz
for higher rank anti-symmetric tensor fields, which explicitly satisfies the Hodge duality at the
classical level. In the case of conventional (curved) space-time examples, a fool-proof and
straightforward approach to implement the Hodge duality is to formulate it in terms of path
integrals [6]. In the same spirit, we implement the Hodge duality in the warped background
geometry described by (1) via the path integral formalism. We find that the prescription of [5]
can be naturally obtained in this fashion.
The standard diffeomorphism invariant action for the p-form anti-symmetric tensor gauge
1
field Aˆ(XM) = Aˆ[p](xµ, z) is1
SF = − 1
2(p+ 1)!
∫
dd+1X
√
−gˆ
(
gˆM1N1 · · · gˆMp+1Np+1FˆM1···Mp+1FˆN1···Np+1
)
. (2)
To find a sensible Kaluza-Klein ansatz, we consider the solutions to the parts of equations of
motion
∂z
(√
−gˆgˆzzgˆµ1ν1 · · · gˆµpνpFˆz[ν1···νp]
)
= 0 , (3)
which should be satisfied for the Kaluza-Klein zero modes. Two consistent solutions to (3) have
been discussed in Refs. [3, 4, 5]. To be specific, an ansatz is a zero-mode solution
Aˆµ1···µp(x
µ, z) = Aµ1···µp(x
µ) , (4)
and plugging it into (2) along with the background metric produces the action
SF = − 1
2(p+ 1)!
∫
dz exp
[
−2k
(
d
2
− p− 1
)
|z|
]
×
∫
ddx
√−g
(
gµ1ν1 · · · gµp+1νp+1Fµ1···µp+1Fν1···νp+1
)
. (5)
The other ansatz is another consistent zero mode solution
Aˆzµ1···µp−1(x
µ, z) = exp
[
−2k
(
p− d
2
)
k|z|
]
Aµ1···µp−1(x
µ) , (6)
which leads to
SF = − 1
2(p + 1)!
∫
dz exp
[
−2k
(
p− d
2
)
|z|
]
×
∫
ddx
√−g
(
gµ1ν1 · · · gµpνpFzµ1···µpFzν1···νp
)
, (7)
upon following the same procedure. The factors containing the z-integral in (5) and (7) are
effectively the inverse coupling squared, 1/e2eff , in the d-dimensional brane theory. The integral
in (5) is convergent only for low values of p’s that satisfy
p <
d− 2
2
. (8)
Therefore the bulk action (5) is sensible as the brane action only for the p-form gauge fields sat-
isfying the condition (8). Otherwise the effective coupling eeff vanishes and the gauge dynamics
1The material in this paragraph is based on our understanding of the discussions with Hyung Do Kim.
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on the brane appears to be decoupled. Under the condition (8), the z-integral in the action (7)
diverges, making it problematic. For the higher p-form gauge fields with
p > d/2 , (9)
the situation for each ansatz reverses itself. While the z-integral in the action (5) diverges, the
z-integral in the other action (7) converges. For the marginal cases which do not satisfy (8)
and (9), such as p = (d − 2)/2 and p = d/2 for even d, the divergence coming from the z-
integral is linear in the cutoff z0, which translates to the logarithmic divergence log p0 in terms
of the momentum cutoff p0 of the d-dimensional brane theory. In [4], this was interpreted as the
quantum charge screening effect in the brane theory (see however [5]). In this paper, we will
not consider these marginal cases.
This aspect appears rather puzzling if we use the ansatz (4) for all values of p; the Hodge
duality in the bulk space-time relates the bulk p-form gauge field with a p′-form gauge field
satisfying
p′ = d− p− 1 . (10)
When viewed from its Hodge dual side, the p > d/2 case should present no problem. Given
this situation, the prescription of Duff and Liu [5] is that one should use the ansatz (6) for
the p-form fields for p > d/2. In what follows, we derive the action for the p-form gauge
field with p > d/2 from the action (5) of the p-form gauge field with p < (d − 2)/2 by
implementing the Hodge duality in the path integral formalism [6]. We find that this analysis
precisely reproduces the prescription given by Duff and Liu [5], which states that the ansatz (4)
is relevant for p < (d− 2)/2 and the ansatz (6) should be used for for p > d/2.
The partition function for the brane world system includes the following factor among oth-
ers:
∫ [ ∏
X>0
DAˆ[p](X)
]
exp (iSF ) =
∫ [ ∏
X>0
DAˆ[p](X)
]
exp
(
− i
2
∫
dd+1XFˆIAIJ FˆJ
)
, (11)
where
1
2(p+ 1)!
√
−gˆgˆµ1ν1 · · · gˆµp+1νp+1Fˆµ1···µp+1Fˆν1···νp+1 =
1
2
FˆIAIJ FˆJ . (12)
Each index I collectively denotes the (p+1)-distinctive directions chosen from the d space-time
directions parallel to the brane: I = {µI1, · · · , µIp+1}. The matrix AIJ can thus be written as
AIJ =
√
−gˆgˆµI1µJ1 · · · gˆµIp+1µJp+1 . (13)
3
The set {FI | all I} has D ≡ dCp+1 elements. The underlying bulk space-time geometry in the
brane world setup is invariant under the ZZ2 transformation, whose action on z is z → −z, and
the fixed points at z = 0 correspond to the ‘world brane’. Accordingly, the path integral in (11)
is over the space-time points X whose z-value is larger than zero with an understanding that
the fluctuations of fields at X(−z) are the ‘mirror images’ of the fluctuations at the point X(z).
For the gauge fields which do not have the nonzero component along the z-direction, the zero
mode part of ∂2z is a constant over the whole range of the space IR1,d−1 × IR, as shown in the
standard Kaluza-Klein ansatz Aˆµ1···µp(xµ, z) = Aµ1···µp(xµ).
The Hodge duality is implemented at the level of the path integral by replacing the expo-
nential function appearing in (11) via an identity
exp
[
− i
2
∫
dd+1XFˆIAIJ FˆJ
]
=
∫ [ ∏
X>0
[det AIJ(X)]
−1
∏
I
D ˆ˜F I(X)
]
(14)
× exp
[
i
2
∫
dd+1X ˆ˜F I(A
−1)IJ
ˆ˜F J + i
∫
dd+1X ˆ˜F IFˆI
]
,
up to an overall numerical factor that we neglect from here on. The symbol∏X>0 again signifies
the fact that the functional integral is over the bulk space-time points X on IR1,d−1 × IR+,
namely, the points X whose z coordinates satisfy z > 0. The rationale behind this choice
becomes clearer when we consider the zero modes of the Hodge dual fields. When the Kaluza-
Klein ansatz for the original gauge field is of the form in (4), its non-vanishing Hodge dual field
strength ˆ˜F necessarily involves the z-direction, or in other words, the components ˆ˜F µ1···µp′z 6= 0,
where p′ = d−p−1. Assuming their intrinsic parity under ZZ2 is even2, the components ˆ˜F µ1···µp′z
transform to − ˆ˜F µ1···µp′z under the ZZ2 transformation z → −z. The components ˆ˜F µ1···µp′z thus
contain the factor sgn(z); due to the discontinuity at z = 0, the components ˆ˜F µ1···µp′z are
regular only in IR1,d−1 × IR+. Under our prescription, however, the path integral is only over
the space-time region where the dual gauge fields are well-defined (regular), leading to (14).
The consequence of this prescription is that the power of detAIJ(X) in (14) is −1, unlike the
case when the domain of the functional integration is over the whole simple covering space
IR1,d−1 × IR, which would lead to −1/2 in (14).
The number of independent components of ˆ˜F I is dCp′ = dCd−p−1 = dCp+1 = D, which
is the same number as the independent components of FˆI . By a direct combinatorics consider-
2There exist bulk higher form gauge fields with negative intrinsic parity in string/M theory. For these fields,
more refined arguments are needed.
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ation, one can show that
1
2
ˆ˜F I(A
−1)IJ
ˆ˜F J =
1
2(p′ + 1)!
√
−gˆgˆµ1ν1 · · · gˆµp′νp′ gˆzz ˆ˜F µ1···µp′z ˆ˜F ν1···νp′z (15)
and
det AIJ = (−gˆ)D2 −Dd (p+1) = (−gˆ) D2d (d−2p−2) = (−gˆ)Dd (p′−d/2) (16)
using gˆzz = 1 and gˆµz = 0. We observe that (15) is the standard kinetic term for the p′-form
gauge field. We use the classical approximation for the path integral over the metric by inserting
the background metric (1) into the path integral (14). For the metric of the type det g = 1, the
measure part of (14) can be rewritten as[ ∏
X>0
[det AIJ(x)]
−1
∏
I
D ˆ˜F I(X)
]
=
[ ∏
X>0
∏
I
exp [2k(p′ − d/2)|z|]D ˆ˜F I(X)
]
. (17)
The path integral over the DAˆ[p] in (11), due to the ˆ˜F IFˆI term in (14), imposes the usual
constraint d ˆ˜F = 0 for the functional integral, which implies that only the field strength that
can be written as ˆ˜F = d ˆ˜A[p′] contributes to the path integral. The only difference between
the conventional Hodge dual action in the flat space and the case in consideration is the extra
z-dependence in the path integral measure (17). By writing, however,
ˆ˜Aµ1···µp′−1z = exp [−2k(p′ − d/2)|z|] A˜µ1···µp′−1z , (18)
we can transform the measure part (17) into[ ∏
X>0
[det AIJ(X)]
−1
∏
I
D ˆ˜F I(X)
]
=
[ ∏
X>0
∏
I
DF˜I(X)
]
. (19)
We note that d ˆ˜A[p′] = 0 automatically implies dA˜[p′] = 0. Our main result is that (18) is
precisely the Kaluza-Klein ansatz appearing in (7) of Ref. [5] for the p-form gauge fields with
p > d/2.
In this note, we have shown that the higher form gauge fields that are Hodge dual to the
gauge fields that can survive on the brane also survive on the brane. Restricting our attention
only to ‘fundamental’ gauge fields that have the conventional Kaluza-Klein ansatz, however,
the condition (8) still applies. It is amusing to note that the ‘fundamental’ higher form gauge
fields do not live on the brane world, which happens to be the property of our world.
Our analysis can be generalized in various directions. One can, for example, repeat the same
type of analysis in the context of higher (transversal) dimensional warped compactifications,
where the background metric is given by
ds2 = gˆMNdX
MdXN = exp(−2kr)gµν(xµ)dxµdxν + dr2 + C2(r)dΩN−1 . (20)
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These background geometries are typically classified into two categories; the cigar geometries
of constant radius, C(r) = C∞, and bottle-neck geometries of exponentially decreasing radius,
C(r) = e−kr [7]. These two cases produce different classical action and different Jacobian
factor in the path integral measure after taking Hodge duality. Comparing them and finding
correct Kaluza-Klein ansatz should be an interesting issue [8]. Secondly, in view of the string-
inspired model constructions, it is important to consider the bulk gauge fields with odd intrinsic
parity.
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